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WEIGHTED AND VECTOR-VALUED INEQUALITIES
FOR POTENTIAL OPERATORS

FRANCISCO J. RUIZ BLASCO AND JOSE L. TORREA HERNANDEZ

ABSTRACT. In this paper we develop some aspect of a general theory par-
allel to the Calderén-Zygmund theory for operator valued kernels, where the
operators considered map functions defined on R™ into functions defined on
RT! = R™ x [0, 00).

In particular, we apply the obtained results to get vector-valued inequal-
ities for the Poisson integral and fractional integrals. Some weighted norm
inequalities are also considered for fractional integrals.

1. Introduction. The main objective of this paper is to find weighted and
vector-valued inequalities for some operators mapping functions defined on R"™ into
functions on R?*! = R™ x [0, 00).

We now mention some of the concrete operators we shall consider and the cor-
responding inequalities:

(I) The Poisson integral:

Piat) = [ IWPe-v0dy  (zeR t20)

where
P(z,t) = cat(|z|? + t2)~ (/2

is the Poisson kernel.
(I) The maximal operator M introduced by Fefferman and Stein [1]:

1 n
M (2, 1) =sgp{@ /Q If(y)ldy} (zeR", t>0),

where the supremum is taken over the cubes @ in R™ centered at z with sides
parallel to the axes and has side length at least t.
(IIT) The generalized fractional integral of order o (0 < a < n):

Taf(z,t)=cn/l;nmfl(y+)tmdy (IL‘ER", tZO)

(IV) The maximal operator M, (0 < & < n), which controls (in a sense that will
be made precise later) the fractional integral of order a:

1 n
Maf(m,t)=SgP{IQ|1—_am/cz|f(y)|dy} (zeR", t20),

Received by the editors April 4, 1985.

1980 Mathematics Subject Classification. Primary 42B20, 42B25.

Key words and phrases. Poisson integral, Carleson measures, fractional integral, vector-
valued inequalities, weighted norm inequalities.

©1986 American Mathematical Society
0002-9947/86 $1.00 + $.25 per page




214 F. J RUIZ BLASCO AND J. L. TORREA HERNANDEZ

where the supremum is taken over the cubes @ in R™ centered at r with sides
parallel to the axes and has side length at least ¢ (observe that Mg = M).
The vector-valued inequalities that we shall obtain will be of the type

a/r 1/a p/r 1/p
() /R (;mjr) duy <o (;mr) dz

and

1/q r
/ n T T C T
(1) (N{(I,t)€R++IZZ|Tfj| > A }) SX/R'. (;lf]l ) dx

J

for 11 a generalized Carleson measure, i.e., u(Q) < C|Q|®, where Q denotes the cube
in RT’I with the cube @ as its basis, |Q| denotes the Lebesgue measure of Q in
R™, 6 > 1, and C is a constant.

In the case T = M of T = P the inequalities (1) and (1’) are valid respectively
for 1 <p=g<ooandq=1, with § =1 in both cases.

In the case T = Mq or T =T, and 6 = s(1 — @/n) > 1, (1) and (1’) are valid
respectively for 1/p = a/n+ s(1 —a/n)/q, s < g < oo and g = s.

The fact that inequalities (1) and (1’) are true for P and M could be established
after the work of J. L. Rubio de Francia [5], in which some relation between vector-
valued inequalities and weighted norm inequalities are proved, and the papers of F.
J. Ruiz and J. L. Torrea [7, 8], where some kind of weighted norm inequalities for
the operators P and M are established.

Although the operator P is controlled pointwise by M and, therefore, would
be sufficient to obtain the vector-valued inequalities (1) and (1’) for M, we shall
develop a general technique parallel to the Calderén-Zygmund theory for vector-
valued functions (see J. L. Rubio de Francia, F. J. Ruiz and J. L. Torrea [6]) which
will allow us to consider the two operators P and M as singular integrals of a general
type and to get, indistinctly, (1) and (1) for P and M.

The organization of this paper is as follows: in §2 we introduce all notations
and we state the main results; the proofs are given in §3; in §4 we apply the above
results to obtain, in particular, (1) and (1’) for P, M, T, and M,. Finally, in §5,
we prove some weighted norm inequalities for M.

Throughout this paper the letter C' will be used to denote a positive constant,
not necessarily the same at each occurrence.

2. Main theorems. The letters A and B will denote arbitrary Banach spaces,
L(A, B) will be the set of bounded linear operators from A to B.

Let 1 be a positive measure on Ri‘“ and w a positive measurable function in
R™. Given 0 < o < n and 1 < p,q < 0o we shall say that the pair (u,w) satisfies
condition Cy p.o (or (4,w) € Cqpa) if for any cube Q in R™

w(Q)Ve 1 — 1
@) T (WI /Q w(z) p/rdm) <cC

(p' always means the conjugate exponent of p, i.e. (p—1)(p' — 1) = 1).




WEIGHTED AND VECTOR-VALUED INEQUALITIES 215

We shall say that (u,w) satisfies condition Cy,1,o for 1 <g<ooand0<a<n
if

Y)1/q
2) zgg lg(l%)a/; < Cw(z) ae. z.

The cases @« = 0 and 1 < p = g < oo have already been considered in [7]; we
shall simply write Cp, in this case.

If w = 1, the above conditions are of the type 4(Q) < C|Q|°, i.e. u is a generalized
Carleson measure of order 6.

We shall denote by L% (R™;dz), 1 < p < oo, the Bochner-Lebesgue space of
A-valued strong measurable functions f such that [, [|f(z)|% dz < co. Analo-
gously we define L% (R™;w(z)dz) or L (RT*";du). Sometimes, we shall write in
an abridged form L% (dz), L% (dw) or L% (du).

Now we state the main theorems.

THEOREM 1. Let A, B be Banach spaces, 0 < a < n and s such that0 < 1/s <

1—a/n. Let T be a bounded linear operator from L:;/ %(dz) into LY (du), where
18 a generalized Carleson measure of order s(1 — a/n).
Suppose that there ezists a L(A, B)-valued function K in

R™ x R™ x R*\{(z,z,t):x € R™, t > 0}

such that:
(a) For any pair (z,t) € RT1', y — K(z,y,t) is locally integrable and if f 1s in
Lﬁ/ *(dz) with compact support contained in a cube Q,

Tiet) = [ Kewdfds for @t) ¢ 0.
(5

/ |K(z,y,t) — K(z,y', )|z (a,5) du(z,t) <C  fory,y’ € R™
lz—y'|+t>2|ly—y'|

Then:

(i) T maps LY (dz) into LY (dp) for 1/p = 1-0(1 — a/n), 1/g = (1 - 8)/s,
0<0<1(ie.1/p=a/n+s(l—a/n)/q, s<q< o).

(ii) T maps LY (dz) into weak-Ly(du), i.e.

w{(z,t) € Ri“: ITf(z,t)llz > A} < % (/R" lf ()|l a da:)s.

REMARK. The last theorem remains true when a = 0 (i.e. n/a = o), but in
this case we are interested in the following result.

THEOREM 2. Let A, B be Banach spaces and T be a bounded linear operator
from LY (w(z)dz) into LY (dv) for any pair (v,w) in C;.
Suppose that there exists a L(A, B)-valued function K in

R™ x R™ x R*\{(z,z,t):z € R", t > 0}
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such that:

(a) For any pair (z,t) € R, y — K(z,y,t) is locally integrable and if f is in
LY (dz) with compact support contained in a cube Q,

Tiet) = [ Kawf)dy for @00

(b)

’
Ko t) - Koo < ly—v|
” (:l}, Y, ) (x,y ,t)”ﬁ(A,B) = C(lil: _ yll + t)n+1

for |z —y'| +t>2ly -y

Then, the following vector-valued inequalities hold for any Carleson measure p
on Ri‘“:

(i) For 1 < p,q < o0

1/q 1/q
(E ||Tfj||3’3) <C (E Ilfjll'i)
7 7

L?(dp) Lr(dz)
(ii) For 1 < g < o0

1/q
’ ({(z,t) e R Y ITh(z 0l > A}) <5/ (Zj IIfj(z)II‘A) de.

J

In order to prove Theorem 2 we shall use the following

THEOREM 3. IfT is an operator verifying the hypothesis in Theorem 2, then:

(i) T maps LY (w(z)dz) into L (dv) for 1 < p < oo and (v,w) in Cy.

(ii) T maps L (w(z)dz) into weak-Ly(dv) for any (v,w) in Ci.

3. Proofs of the main theorems. We shall first prove Theorem 3. It is
enough to prove (ii) from which, by applying Marcinkiewicz’s interpolation theorem,
we obtain (i).

We shall denote C(v,w) as the infimum of constants C satisfying the condition
C, for the pair (v,w).

Let f be a function in LY N LY (R™;w(z)dz). Let ) be a positive number and
consider the dyadic cubes in R™ such that

1
3) A< /Q 1 (@)]ade.

Our goal is to prove

@ @) e REEITIE0Is > A <5 [ 1@l ds.
Rﬂ

We consider two possibilities: If

v < 289 [ (a)awta) o

then (4) is trivial.
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In the other case, the existence of dyadic maximal cubes verifying (3) is guaran-
teed by the following inequality:

© @<L [ @lades 28 [ (o) anto) b

where in the second inequality the hypothesis on (v,w) is used.
As usual these dyadic maximal cubes, say Qy, verify

1 n
< /Q @)l de <272

and

If@)lla <X ae z¢|)Qx.
k

We shall introduce the following notation: @* will be the cube with the same
center as @ but with side length two times the side length of Q.  will be the
set union of the dyadic maximal cubes (2 = |J; Q«). Similarly, we shall denote

0= Ule:a 0= Ukék and (* = Ukélt:
, We decompose f = g+b, where g(z) = f(z) for z ¢ 0, g(z) = |Qx|™* [, f(y) dy
for £ € Qy, and

1
o) = 1) o) = 5 (f(rv) o ]Q 1) dy) e = S

In order to prove (4) we use
IT9ll g (@) < CligllLep (dwy < 2"CA

to obtain
v({(z,t) € RY*:(ITf (2, 1)l B > 2"T'CA})
< V({(x, t) € R} ||Tb(z,t)||5 > 2°CA})

and, therefore, it is enough to show that

n C
(6) v({(z,t) € R} :||Tb(z, t)||B > A}) < X /R X I f(z)]| aw(z) dz
We put
v({(z,t) € RTI: |Tb(z,t)||B > A})
<v() + v({(z,t) ¢ O°: | Th(=, 1) |5 > A}).
Let us estimate the two members of this sum:

vy < Sven < UL [ 17edy
k

k

1
"Ci(v,w - w
<Owa T} [ 0w d

<5 [ W@l d.
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For the second member we apply hypothesis (a) to get
v({(z,t) ¢ O | Tb(=, )l B > A})
1 / 1
<3 /[ Imbeolsdr <3S [ ITheolsdv
/\ (Qt)c A Zk: (Qa)c

1
<3S (L 1K@ - K Ollecamlbe)lady) v
e 7 Q) \JQx

where we have used that f O br = 0 and yy, is the center of Q. By Fubini’s theorem
this is equal to

1
33 [ Ibe@la [ 1K 000) — Kol a6
k Qk (nc)c
Using hypothesis (b) this is less than

SE [ 0 [ G e
2C
< T2 ([, mewacr) 3= 55 ([ 10lac) - 20

where

ly — gkl
M, = esssup/ dv(z,t).
2P Jieye Tz = el + oyt 2(0)

But for y € Qx geometric considerations say that

v - n / dv(z,1)
t <
/«a-)c (o= yul + ot 2@t < ClQA Z , (o= el + 0

n dv(z,t
< ClQ«|Y Z/, m;ﬁ%

<O

_ 1 V(2-7+1Qk)
022’ |29+ Qx|
<C- -Ci(yw) w(z) ae. z€Qy,

where A] = {(z,t) € RTT1: 27+ |Qu|Y/™ > |z — yie| + ¢ > 2j|Qk|1/"}‘and 29+1Qy
denotes the cube in R™ with the same center as Qj and side length 27*! times the
length of Q. Therefore, we have M), < Cw(z) a.e. £ € Q and so

Y({(z,) & 0 Tz, 0l > )
SFE [, Wlewars T [ 1) b

This finishes the proof of Theorem 1.
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REMARK. In the case w(z) = 1, (u,w) € C; if and only if u is a Carleson
measure. In this case, the first hypothesis on T' and condition (b) of Theorem 3
can be substituted by

(¢') For a fixed pg, 1 < po < 0o, T maps L& (R™; dz) into L¥ (R7+"; du) bound-

edly.
(b/) f|:c—y’|+t>2|y—y'| ”K(ZIZ, Y, t) - K(z’y,yt)llﬂ(A,B) d[,t(il!, t) < C for y,?/ ER"
and then the next theorem can be proved.

THEOREM 4. If T is an operator verifying (b') and (') above and part (a) of
Theorem 2, then

(i) T maps L% (R";dz) into L% (R du) for 1 < p < po,

(ii) T maps LY (R"™; dz) into weak-Ly(RT;du).

The proof is as in Theorem 3 except the two following computations:
p({(z,t) € RE™:||Tg(z,t)llp > A})

1 Po Q/ Po
< 5 - ITg(e, )IF duz,t) < 1 - lg(z)|% dx

<5 Ns@lade< S [ 1@ads
and

S [ Wl [ 1K G0 - K@ Olzas) duert) dy
& Qk (€1*)e

<Xo [Q Ie@lady <205 /Q Wl dy

PROOF OF THEOREM 2. Given an operator T as in Theorem 2, we can define
a new operator T' mapping [°(A)-valued functions into [°(B)-valued ones (where s
is fixed, 1 < 8 < 00) as

T(f1, f2r-- -+ fir--) = (Tf1, T2y, Tfy...).

By Theorem 3, T maps L% (R™;dz) into LL(R7;du) (1 < g < 00); then it is
clear that T isi bounded from Lf, 4 (R";dz) to Lf, B)(Rj‘_“; d,uz, 1<g<oo.

Moreover, T is an operator like T', but with associated kernel K(z,t) = K(z,t)®
Id, so that ~

1K (2, t)ll 2 aay,i0By) = 1K (2,t)||2a,B)-

Now, by Theorem 4, taking [9(A) and [?(B) as the Banach spaces and q = po, we
obtain part (ii) of Theorem 2 and also part (i) with the restriction 1 < p < ¢ < co.

To prove part (i) in the case 1 < ¢ < p < co we shall need the following

LEMMA. Let u be a function in L"(RT1';dp), 1 < r < 0o, and p a Carleson
measure. Consider the mazimal function

w(@) = sup ﬁ /Q fu(z, ) dis(z, ).

Then

||u* “LT(R";dI) S C“U"L'(R:+l;du) .




220 F. J RUIZ BLASCO AND J. L. TORREA HERNANDEZ

Before proving the lemma we shall finish the proof of Theorem 2.
Let r = p/q and make the following computation:

T

p/q
(7 /31“ (Z,: IITijI"B) dp = ( /R o (XJ; |;Tfj||73) udu) ,

where u > 0, u € L (R, dy) and lull gy < 1.
It is obvious that the pair (udu,u*) satisfies condition C;. Then by Theorem 3
the last member of (7) is less than

( /R ] Z 1 (@)% (2) dz) c<c ( /. (2 ufj(z)n:a) dz) e

p/q
<cf (Z IIfj(w)lli) dz,

where in the last inequality we have used the lemma. This concludes the proof of
Theorem 2.
PROOF OF THE LEMMA. Observe that

~

. w(@
ut @)1 < sup Ll o ) < Cllul oe i
T€EQ |Q|

that is,
llw || Lo (dz) < Cllull Loo (dpy-
Then it is enough to prove

® e rw@ > o< g [ e dldutenn

since the rest follows by interpolation with the result for r = oo.

But (8) can be done by a standard application of Besicovitch’s covering lemma.

PROOF OF THEOREM 1. As in Theorem 3, it is enough to prove (ii). In order
to do that we shall make a kind of “variable” Calderén-Zygmund decomposition
(the idea goes back to [12 and 13)).

Our goal is to prove

n ¢ ’
® W@ e RFHIT@le > < S ([ 1@lads)

Given a function f € LY N L/*(dz), let A be any positive number; if Q is a
cube verifying (3), then it is obvious that |Q| < A~! [p... ||f(z)|| 4 dz and this allows
us to make all the constructions in the proof of Theorem 3, and in particular the
decomposition f = g + b corresponding to the number A.

In order to obtain (9) we shall begin with

w({(z,t) € RY | Th(=, t)l| 5 > })-

This is less than

w(@*) + u({(z,t) ¢ Q" | Tb(z, )l 5 > 7).
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The first member of this sum satisfies (we put so = s(1 — a/n))

() * A)* H(Q‘) 1 %
W) < S u@) < Sk w (/. woaa)

<o ([ 1relagy)

where the hypothesis on u and the fact that so > 1 have been used in the last
inequality.
On the other hand

p({(z,t) ¢ 0*: || Th(z, t)|z > v

1/s
<< ( ., 1001 it t))

1/s
< N Thi(z, )l dp(=, t))
s 1/s
{ IIK (z,9,t) — K (2, yie, t) e (¥ dy) dp(z, t)}
Qk)°

C
=5
¢
’7
C 1/s

32> ( [, 100 = Kyl i t)) be(o)l dy
9

<9 zk: [ el < < [ 15w lad,

where Minkowski’s inequality for dm(y) = ||bk(y)|| dy, the hypothesis on K, and
the disjointness of Qj have been used.
The above estimates add up to get

(10)  p({(z,t) € RY*:||Tb(=, )]l > 7})

<ol (3 [ womean)” "+ (5. i) |.

In particular we can choose A such that

= ([ uf(y)uAdy)w

and then the corresponding b and g verify

) i n e R ls > ) < S ([ 16lad)

(12) 1Tl oo (du) < CIIgIIL:/.,(dz) < C,\l-a/n"f"zéfzdz) = Cn.
In other words

p({(z,t) € RY: TS (2, t)l| > 207})
< u({(z,t) € RE': | Th(z,t) |5 > C})

< ([ 1)
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This finishes the proof of Theorem 1.

REMARK. If the hypothesis on the boundedness of T' in Theorem 1 is substituted
by the following

(c) there exists 1 < pg,go < 0o with s/go < 1 and 1/pg = (a/n)+(s/q0)(1—a/n)
such that T maps L% (dz) into LY (dp),
then the following result can be proved:

THEOREM 5. If T is an operator verifying (c) above and parts (a) and (b) of
Theorem 1, then:

(i) T maps L% (dz) into LE(dp) for 1/p =0/po+(1-90), 1/g=0/go+ (1 —0)/s,
0<60<1 (te l/p=a/n+s(l-a/n)/q, s <qg< o).

(ii) T maps LY (dz) into weak-Lg(du).

To see this observe that the proof of Theorem 1 can be reproduced here and
with the same A we can obtain that

u({(z,t) € R | Tg(z,t)ll5 > 7))

c a c AL
< ITo(, )l dutz,0) < -5 ( | Nota)Ip do

- % RT’ 1 »7110

A(Po—1)g0/po %0/po s
<X ([ Wi@hade) " < S ([ ir@ace)

4. Applications.

THEOREM 6. Let o be given, 0 < a<nand0< 1/s <1-a/n. Let p be a
measurable function on R™ such that:

(a) lp(z) < C/(|z] + A)"+1-e,

(b) [Ve(z)| < C/(|z] + B)*+2~2,
where A, B,C are constant independent of z.

Given the function ®(z,t) = p(z/t)/t"~%, t > 0, consider the operator

Tfe0)= [ 8-t d
Then for any generalized Carleson measure u on RT*! of order s(1 — a/n), T
15 bounded from LP(dz) into LI(du) for 1/p = (a/n) + (s/q)(1 — a/n), s < ¢ < oo,

and from L(dz) into weak-L®(du).
Moreover if a =0 and s = 1, the following vector-valued inequalities hold:

1/q 1/q
(Z ITij") <C (Z lfjl") (1<p,g< o)

’ Lo (dp) Lr(dz)

and

1/q
r ({(x,t) € RIS > A}) <5/ (E Ifj(m)l") da

(1< g<o0).

If we take p(z) = P(z) = cp(|z|?> + 1)~ (»+t1)/2 then &(z,t) = P(z,t) and
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Theorem 6 gives

COROLLARY 1. The Poissen integral verifies vector-valued inequalities (1) and
(1) for 1 < p = q < 00 and q = 1, respectively, u being a Carleson measure and
1<r<oo.

PROOF OF THEOREM 6. Let us check that the operator T satisfies the hypoth-
esis of Theorem 1.
It is clear that T maps L™/ *(dz) into L (du) since

(13) ITf(z, )] < 1fllnra(dz) 1ol Livvay (aa)-
On the other hand, an advanced calculus computation shows that
C
<o
(14) |V¢($,t)| = (l-’ﬂl +t)n+1_a

and then the kernel K(z,y,t) = ®(z — y,t) of the operator T verifies condition (b)
of Theorem 1 since for y,3’ € R

/ [K(z,w,t) ~ Koy, O du(z, )
lz—y’|+t>2ly—y’|

- |lz—y' |+t>2|y—vy'| (lx - yll + t)(n+l—a)s ’

and if Q is a cube in R™ with center in ¢’ and such that y € @, then the last
expression is less than

du(z,t)
C Q s/n/ ’ |
@ oy |+t>21Qp/n (|T = y'| + t)(nF1=ads

Now, the procedure in the last part of the proof of Theorem 3 can be repeated
and so the above expression is less than

s/n ll'(2 2J+1Q)
IQI Z (2j|Q|1/n)(n+1 a)s — CE 278 |2J+1Q|(1 a/n)s < C.
J

Therefore the first assertions in Theorem 6 are obtained as a consequence of
Theorem 1.

To finish the proof observe that in case a = 0 the inequalities (13) and (14) tell
us that the hypotheses of Theorem 2 are fulfilled.

In our context the following theorem is parallel to a maximal theorem due to F.
Zo (see [11)).

THEOREM 7. Let a be given, 0 < a <nand0 < 1/s < 1—a/n. Let u be
a generalized Carleson measure on R""’l of order s(1 — a/n) and ¢ a measurable
function in R"+1 such that:

(a) / lo(z, t)|V = de < A< oo VE>0,

z—y t r—y t\|°
“’( 3 ’3)"°< 5 "S)

(b) | sup dp(z,t) < oo

lz—y'|+t>2|ly—y’| 6>0 6" “

fory,y' € R".
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6n1—a ‘/}2"90(%’%) f(y)dy‘

15 bounded from LP(dz) into LI(dp) for 1/p = (a/n)+ (s/q)(1 — a/n), s < q¢ < oo,
and from L(dz) into weak-L*(du).

Moreover if o =0, s = 1 and @ verifies

(t') [Ve(z,t)] < C/(|z| +t)"*1,
then the follounng vector-valued inequalities hold:

1/q 1/q
(Z |M¢fj|") <C (Z Ifjl") (1<p,g< )
J )

L#(dp) Lr(dz)

Then the operator

M, f(z,t) = sup
§>0

and

1/q
’ ({(z,t) € R LM Sy > A}) <5/ (Z Ifj(x)l") s

(1< g<o0).
Before proving Theorem 7 we state and prove two corollaries.

COROLLARY 2. The mazimal operator M defined in the introduction verifies
wmequalities (1) and (1') for 1 < p = q < o0 and q = 1, respectively, p being a
Carleson measure and 1 < r < co.

COROLLARY 3. For0< a<n and0< 1/s <1 - a/n, the mazimal operator
M, ts bounded from LP(dz) into L(dp) for 1/p = (a/n)+(s/q)(1—a/n), s< g <
00, and from L'(dz) into weak-L*(dp), 1 being a generalized Carleson measure of
order s(1 — a/n).

The proof of both corollaries is the same and consists in taking a function ¢, in
R™*1 such that if Qg is the unit cube in R"*+!, then

XQo < ®Pa < X2Q0

and
[Vea(y)l < Cly|* "1 for all y € R™1\{0}
(in case 0 < a < m, it is easy to see that this fact implies condition (b) of Theorem
7 for o). Now, observe that M, f(z,t) < M, f(z,t) for (z,*) € R7*™* and apply
Theorem 7.
PROOF OF THEOREM 7. Let S be the linear operator defined by

stet) = { s [ (550 5) roan}

By (a) it is clear that S is bounded from L™ *(dz) into L§3 (du), moreover S is
given by a L(C,[%) = [*-valued kernel

K(zayvt)_{&n—aw( é ’6>}6>0.
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Condition (b) says that Theorem 1 can be applied to S. Moreover, condition
(b’) says that for |z —y'| +t > 2|y — ¢/'|

1 T—y t -y t C ly—vy'|61
—_ - _J 7)) - Z J 2l <=
o ‘°< 5 ’5) ‘°< 5 ’6)}_6"(|:c—y'|6‘1+t6—1)"+1
ly — |
<Cormm—mrroe—ro
S Cle=yT+ o

In particular this means that

/
Kz ) < O Y=Y o —4l.
1K (@,,0) - K@t Ollm < Oty for =yl +4> 2=/
So Theorem 2 applies to S.
The proof is finished by observing that M, f = ||S f||1-.
The results in Corollary 3 can be improved, in fact a vector-valued version is
true. This will be a consequence of the following

PROPOSITION. Let0<a<nand0<1/s<1-—a/n. Let u be a generalized
Carleson measure of order s(1 — a/n) and r, 1 < r < 0o. Then the generalized

fractional integral of order o, Ty, defined in the introduction verifies the following
inequalities:

(1)

1/q

a/r
/ ni1 (E |Tafj(w,t)|') du(z,t)
RY 7

p/r
<o [ (Z|f,~(x)|') do

for(}gp = (a/n) +(s/q)(1 — a/n), s < g < oco.
ii

1/p

u ({(x,t) € R;‘_‘“:Z |Tw fi(z, t)|" > /\'})
J

1/r s
<wif. (zj:m(z)r) do

COROLLARY 4. The same inequalities are true for the mazimal operator M.

For the proof of the corollary observe that
Maf(z, t) S C : Taf(x’ t)a (:'B, t) € R1+1'

PROOF OF THE PROPOSITION. The idea is to check that Theorem 5 can be
applied. This will be true because of the following lemma.
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LEMMA. Let o be given, 0 < a < n. Then for anye >0 with0 < a —¢ <
a + € < n there exists a constant Ce such that

Tof(z,t) < Ce(Matef(z,t) - Ma—cf(z, t))l/zw (z,t) € Ri-H‘
Taking the lemma for granted and verifying pg and go:
(15) 1/po = (a/n) + (s/q)(1 - a/n),  s<go < oo,

choose ¢. and @, given by

19 a(1-22)=a(1-2), (1) =w(1-2).

Observe that

% <qo <. and (qo/2¢¢) + (90/29;) = 1.
Then Holder’s inequality says that

[ Tt 0 et
R

+

S Ce /Rn+l IMa+€f(z1 t) . Ma-—ef(xv t)lqo/2 dﬂ(x, t)
+

QO/2§¢
<Ce </ -Ma+ef(xa t)‘_le du(z, t))
R}*!

90/2q¢
* (/ Ma—ef(xa t)qe d/l,(:l:, t))
R}

and by Corollary 3 this is less than
90/2po 90/2po
Ce (/R” |f(z)[Po dz) </R" |f(z)|Pe d:c) = C“:”f”?m(da;)-

On the other hand the computations in the proof of Theorem 6 can be reproduced
to see that the kernel of T, satisfies condition (b) of Theorem 5.

Therefore T, maps LP(dz) into LI(du) for 1/p = (a/n) + (s/q)(1 — a/n), s <
g < 00, and L1(dz) into weak-L?®(du).

To obtain the required vector-valued inequalities it is a well-known fact that if
(Q, A,m) is an arbitrary measure space, B is a Banach space and T is a positive
linear operator acting on measurable functions (i.e. if f > 0, then T'f > 0), then
for any nice B-valued function f, let us say f € B ® LP(Q}, A,m), the following
pointwise inequality is true:

(17) ITf(=)lle <T(lIflB)=), 2l

Taking T = T, and B = I" in (17), one obtains the vector-valued inequalities
stated in the proposition.

PROOF OF THE LEMMA. We follow [10 and 2]. Given (z,t) € R}*' and € > 0,
0<a—¢< a+e<n, we choose § such that

8% = Masef(2,1) - (Ma-ef(z,8)) 7"
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Now we put
f(y)
T z,t = cn/ S i) — dy
fe) lz—yl+t<s (1T =yl +t)n—2
f(y)
- Cnf —=— _dy=1I; +1p.
lz—yl+t>s ([T —y| +)m~ y=1+1

Let R; and B; (¢ € Z) be the sets
Ri={y€R™27" 16 < |z —y| +t < 276},
B; = {y € R™: |z —y| < 27%6}.
Observe that if t > 6, then I; = 0 and in any case

Li<oS> [ @6 el d
< ;/m( )y~ £(y)| dy

00

SCZ(T-T})?:E/B,. |f ()| dy

=0

- —ig\€e 1
<300 rrgpemare [, MW

< Ce6eMa—ef(x: t).

Analogously

< T o\ —€ 1
o] < O3 06) ™ gyema [, vl

S Cé‘s_eMa+Ef(xa t)a

and so with the above election of § the lemma is proved.

REMARKS. 1. The Poisson integral is a linear positive operator. Then any
vector-valued extension can be obtained from (17).

2. The linearity of the operator is essential in (17). This can be released with
the following example:

Take the sequence of functions f; = x[2-i-12-5) on R. Let T be the standard
Hardy-Littlewood maximal operator and let ¢, 1 < g < oo, be given. For B = [?
inequality (17) means

1/q
T (Z |fj|q) () > (Z ITfj(w)l")
=0 Jj=0

1/q

and this is

1/q
T(xp0,1)(z) 2 (Z lej(z)I") .

=0

That is false in z = 0; moreover when z increases to zero the left-hand side remains
bounded while the right-hand side tends to infinity.

3. The translation invariance of this operator is the first variable that makes
it possible to obtain mixed norm estimates in some particular case. This will be




228 F. J RUIZ BLASCO AND J. L. TORREA HERNANDEZ

considered in a forthcoming paper but we can state the following example of mixed
norms:

If p is a Carleson measure on R%, then the following mixed norm estimate is
true:

(/ </ ([t dzl>"’/”‘ dm...)”"”’“—* du(z,,,t)) 1/on

1/pn

<C (/ (// (/ |f(z1,.-.,20)|P? dzl>p2/m drcg---)pn/pﬂ_1 d:cn) ,

1<p;<oo,1=1,...,n.

5. Some weighted norm inequalities. The main theorem in this part is the
following

THEOREM 8. Let p,q be given, 1 <p < q <00, 0< a<n. Then the following
are equivalent:

(i) The operator My is bounded from LP(dw) into weak-L9(du).

(ii) The pair (u,w) satisfies condition Cqp o (se€ §2).

The idea of the proof we shall give is taken from the proof of the corresponding
dyadic theorem; in order to state it we define

1 n
08 Noflot)=sup | e [ | ee R e20)

where the supremum is taken over the dyadic cubes @ (i.e. cubes of the form
M5, [z, zi + 2¥), where z € 2¥Z", k € Z) in R™ containing z and have side length
at least t.

We shall say that the pair (u,w) satisfies dyadic Cy p, if condition (2) is only
fulfilled for dyadic cubes @ in R™.

DYADIC THEOREM 8. Let p,q be given, 1 <p<¢qg<00,0< a<n. Then the
following are equivalent:

(i) The operator N, is bounded from LP(dw) into weak-L(dp).

(i) The pair (u,w) satisfies dyadic Cqp,q-

The proof of (i) = (ii) is the same in both theorems; we write it for the dyadic
case.
It is clear that

R .y 1
Qc {(x,t) € R} Naf(a,t) 2 W/{glf(y)ldy}-

Then taking f = XQw“’"/P in the p > 1 case and f = xo:w™! with Q' C Q in the
p =1 case (let Q' tend to z), the use of hypothesis (i) gives (ii).

PROOF OF (i) = (i). Dyadic case. It is enough to prove that N2 is bounded
from LP(dw) into weak-L9(dy) with bound independent of R and N the operator
defined by

w10 =sp{ i [ Glay) e m e20)
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where the supremum is taken over the dyadic cubes in R™ containing z and have
side length bigger than ¢ but smaller than R.

The bound R for the side length of the cubes permits us to make a standard
maximality argument and prove that for each A > 0 there exists a family {Q,} of
dyadic cubes in R™ such that

(19) E,= {(33, t) € RTIZ fo(x’ t) > ’\} = Uéja
(20) The interiors of Qj are disjoints,
(21) PR f 1 )ldy > X

Then

p({(z,t) € RTM: NE f(2,t) > A}) Eu(QJ

w(Q;) 1 !
SLTN e (/Q If(y)ldy).

In the p = 1 case the condition Cy 1,4 gives directly that this is less than

gq Z (/Qj Fwkety) dy)q < ,\_C:z < /Rn |f ()| w(y) dy>q.

In the other case, p > 1, Holder’s inequality says that u(E)) is less than

a/p
H(QJ Pw WP/
byl E 1Q;[(1-o/m (/ |f(y)[Pw(y) dy) (/Q,- dy)

<& ([ werewaa)”,

where condition Cy p o and the fact p < ¢ have been used.
PROOF OF (ii) = (i). Nondyadic case. The proof can be done as in the dyadic
case if we prove the following

q/v’

LEMMA. Given 0 < A < 00, there exists a sequence of cubes {Qx} in R™ such
that :

0
{(z,t) € RF*: MEf(z,1) > A} < | @x,
k
) |
e [, wldy>

(where c i3 a positive constant depending only on o and n).
(iii) The sequence {Qk} can be distributed in N (number depending on the di-
mension n) families of cubes with disjoint interiors.

(Here, ME has obvious meaning.)
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PROOF OF THE LEMMA. Let M, f(z,t) be the noncentered maximal function,
i.e. the supremum in the definition of M, is taken over all the cubes containing z.

Analogously we define ﬂf.

The existence of constants ¢, and k,, independent of R and bigger than 1 is
clear, such that

(22) MEf(z,t) < Mo f(2,t) < caMEnRf(z,),  (z,t) € RTF.

Let f2F(z) be the standard centered fractional maximal operator truncated at
R, ie.

*R _ 1 n
fa (z)—sgp{—lQll_a/n/Qlf(y)ldy}, € € R",

where the supremum is taken over cubes in R™ centered at z, with sides parallel to
the axes and have side length less than R.
We define the following sets:

Ef ={(z,t) € R}*": MZf(2,1) > n},
AR = {z e R": f}F(z) > n}.

For z € A,’f let t(z,n, R) = sup{t: (z,t) € E,’f}; then the following statements are
obvious:

(a) t(z,n,R) < R;z€R",n>0.

(b) If Q(z,n, R) is the cube centered at z and with radius t(z,n, R), then

fy y> *
| ( 1 0 )ll / (1 ) )I ( )l

(C) A:yt - U:;:GA,‘,z Q(%%R)-
A standard application of Besicovitch’s covering lemma says that there exists a
sequence {zx} such that

AR c|JQ(zk,m, R) = J @k
k k

and the family {Qx} can be distributed in N disjoint subfamilies (N depending
only on n).
Then the lemma will be proved if we show

Ef C UQ(xk,c;lz\, knR).
k
Let (z,t) € Ef C Efl‘ff\; in particular

ze AR c|Q(zk,cn' A kaR)
k

cla

and then there exists a k such that

z € Q(zk,c; A\, knR).
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If (z,t) ¢ Q(zk,c; '\, knR), then t > t(zk,c,; ')\, knR) and this would say that z
is in any cube, Q(z; s), centered at z and with radius s > t, therefore

MES(@,8) = Mo (@, ).
Now using (22) and the fact that (z,t) € EF we have
A < cnMEnR f(xy,),
which is a contradiction to the definition of t(zk,c,;* A, kn R).

REMARKS. 1. The case a = 0 has already been considered in [7] where a
different proof was given.

2. In order to prove that conditions Cyp o ad Cy1,o are necessary we have as-
sumed that w=?'/? and respectively w=! are locailly integrable; this can be done be-
cause in the other case (i) fails; in fact: If fQ w™P'/?(z) dz = 0o, then fQ w!=?'(z) dz
= fQ w™P (z)w(z) dz = oo and this will imply the existence of g € L?(Q;w(z) dzr) C
LP(w(z)dz) such that fQ g(z)w™(z)w(z)dz = 0o and then Myg(z,t) = oo for
(z,t) € R""'1

If fQ l(z) dz = oo this will say that Ma(xqw™!) = 0o and xqw™! € L(dw)
which is a contradiction to (i)

3. If t = 0, then T, f(x,0) and M, f(z,0) are respectively the usual fractional
integral I, f and the maximal fractional operator fi in R™. In this case taking
du(z,t) = u(z)dz ® o(t) we have some necessary and sufficient condition in the
pair of weights (u,w) for the weak boundedness of the operator f:. The case in
which (1/q) = (1/p) — (a/n) and u'/9 = w'/? has been treated in [4]. The case in
which p = ¢ for different weights and strong boundedness has been considered in
[9].

4. The maximal operator M, can be defined with respect to any doubling
measure ¢ on R", i.e.

M f(@,1) = sgp{a—(g—) /Q If(y)lda(y)}

and, as Besicovitch’s lemma remains valid, all the results in §5 are true substituting
the Lebesgue measure for the measure 0.

In particular, for @ = 0, w = 1 and & doubling, Theorem 8 gives as a consequence
the following well-known lemma about Carleson measures:

LEMMA 1. Let u and o be nonnegatwe measures on R""’1 and R™ respectively
such that o is doubling and u(Q) < Co(Q)V/P for q¢ > p. Then

a/p
b((@0 e RO > ) < 5 ([ Nera)
Here N(f)(z) is the nontangential maximal function

N(f)(z) = olup (2, 2)l;

z,t)€r(z)

where I'(z) is the cone {(z,t) € R7"':|z — z| < at} with vertex z and aperture a.
The proof of the lemma is given by the inequality

|f(z,t)] < CM(N f)(z,t), (z,t) € Rz+1‘

This inequality allows us to state the following generalization of Lemma, 1:
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LEMMA 2. Let u, v, 0 be nonnegative measures on Ri’“, R™ and R™ respec-
twely such that o is doubling, v is absolutely continuous with respect to o and such
that for any cube Q in R™

u(Q) (@ /, (‘%)) da(z))w < Co(Q)".

a/p
Wm0 € RS0 > ) < 2 ([ E@ras)

5. The lemma stated in §4 allows us to obtain some weighted norm inequalities
for the operator T, and then by inequality (17) some vector-valued inequalities
with weights.

In our opinion the main applications of this kind of inequality would be in the
theory of Besov-Lizorkin-Triebel spaces (see [3]); this will be considered in a forth-
coming paper.

Then
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